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1 Introduction
It was brought to our attention by Professor Valeria Simoncini that our proof of The-

orem 2.1 [2, p. 139] is incorrect. Indeed, on page 140 we write the inequality (2.4)
which is correct because we work with A which is an m x n matrix and m < n and

AT
rank(A) = m hence Hlﬁyﬂv I > o1. However, on page 141 we write the inequality (2.6).
We try to use a similar argument but now instead of AT we have A and x € R". Hence

lAx]]
llx1

short note we restate Theorem 2.1 of [2] and give a new proof.

the inequality

> &1 (which we use to prove inequality (2.6)) is incorrect. In this
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Notation: We consider the preconditioning of the KKT system Hw = b by the ma-

trix 15, where
0 AT . | D AT
H= and P=| . , D
A A

where Q € R"*" is the Hessian of Lagrangian, A € R™*" is the (exact) Jacobian
of constraints, D € R"*" is a positive definite approximation of the Hessian and
A € R™*" 5 a full row rank approximation of the Jacobian (rank(ﬁ) =m < n). Fol-
lowing [2] we define E = A — A, rank(E) = p. Here 67 is the smallest singular value
of AD~!/2_ Further we introduce two error terms:

ED™!/?
co=IEol=1D"20D" 2~ 1| and ey=1E2_ "l %)
&1

which measure the errors of Hessian and Jacobian approximations, respectively. The
distance |€| of the complex eigenvalues from one, with € = A — 1, will be bounded in
terms of these two quantities.

2 Correction
Theorem 2.1 in [2] should be replaced by the following one.

Theorem 2.1 Assume A and A have maximum rank. If the eigenvector is of the form
(0, y)T then the eigenvalues of P~'H are either one (with multiplicity at least m — p)
or possibly complex and bounded by |€| < e4. Corresponding to eigenvectors of the
form (x, y)T with x # 0 the eigenvalues are

(1) equal to one (with multiplicity at least m — p), or
(2) real positive and bounded by

dnin(D™ QD) < < hnax(DTV2QDTV), or
(3) complex, satisfying

lerl <ep +ea, 3)
lef] <ep+ea, “4)

where € = €g + i€;.

Proof The eigenvalues of P~ H are the same as those of P~!H where P = DPD

and H = DHD and
D72 0
D= .
0 1
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They must satisfy

{KM+BTy=Au+ABTy —AFTy,
(5)

Bu=ABu — AFu

where K = D_l/zQD_l/z, B = AD_1/~2, F~: ED™ Y2 y = DY2x. The eigen-
value problem can also be stated, setting B=AD"/>=B — Fande =X — 1,

(6)

eu+eBTy=(K —Du+FTy,
€Bu=Fu.

Let us observe that K — I and F are the errors of approximation of the Hessian and
Jacobian in (1), respectively.
We now analyze a number of cases depending on u and y.

1. u=0.
Every vector of the form ((3) where y is an eigenvector of the (non-square) gener-
alized eigenproblem V

BTy :AETy

is the eigenvector of (5) corresponding to A. Since rank(E) = p (hence rank(F) =
p), among those vectors y there are m — p satisfying FTy = 0. The first equation
of (5) reads

BTy=xBTy

so that eigenvector ((;) is associated to the unit eigenvalue.
We can bound the remaining such eigenvalues in terms of || || using the first
equation of (6) as

T
_IETyI

_ Iyl _IF1_
IBTy| ~

el <
1BTyI = o

£l

ex. 7

2. u#0.
There are at least m — p linearly independent vectors u satisfying Fu = 0 and
Bu # 0. For such vectors the second equation of (5) reads

Bu = \Bu

giving again unit eigenvalues.

In the most general case where Bu # 0 and Fu # 0, we shall consider two
possibilities: (a) real eigenvalues and (b) complex eigenvalues.

(a) Real eigenvalues. Let us multiply the first equation of (5) by u” and the
second one by y”. We obtain the following system

uTKu+uTBTy=AuTu+kuT§Ty,
T TR ®)
y* Bu=\Ly" Bu.
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If A € R, subtracting the transpose of the second equation from the first one, we
obtain

ul Ku

)\min(K)f)‘-Z T
u'u

< Amax (K). ©))

(b) Complex eigenvalues. To bound the complex eigenvalues we write in

short (6) as
u u
(1) ()
Yy Yy

and observe that matrix N ~! can be decomposed using the Cholesky factorization
LLT of the symmetric positive definite matrix BB” .

(1B (1 =BT\ (1 0 I 0
“\B o0 “\o LT 0 —I1)J\-L'B L
=vJuT (10)

so that the eigenvalue problem is equivalent to
T - u
U MUw=¢e¢Jw, with =Uw. (11
v

It is useful to set R = L~! B since it is easily found that | R|| = 1. Since

0T MU I 0 Eg FT\ (1 —RT
\-r L")\ F o /J\o LT
B Eg FT I —RT
~ \-REg+L'F —RFTJ\0 LT

Eg —EoRT +FTL-T
~ \-REg+L'"F REQRT —L'FRT —RFTL-T

we rewrite equation (11)
Eg —EoRT + FTL-T wi wi
=€ .
—REg+L'F REQRT —L7'FRT —RFTL7T | \w, —w
(12)

Note that the diagonal blocks are symmetric. Now multiply the first block of equa-
tions of (12) by u)f’ and the second by wf thus obtaining

wi Eqwi +w{! (~EgR" + FTL™T)ws = €|lw |,

wi(—EoRT + FTL™ )T w + wi REQRT wy — 2R (wi L' FRTwy) (13)

2
= —¢€llwall”.
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Subtracting the two equations yields two equations for the real and the imaginary
part respectively (assuming ||w]| = 1).

wl Eqwi — wl REQRT wa + 20 (w¥ L' FRT wy) = e,
(14)
23wl (—EgRT + FT L™ Tyw)) =¢;.

If, instead, we add together the two equations in (13) we get for the imaginary part
0=es(lwi ]~ llwz]?)

which gives for every complex eigenvalue ||w ||2 = ||w2||2 = % Hence (14) pro-
vides a bound for the real and imaginary part of € in terms of eg = || Eg || and e4.

ler| < [w Eqwi| + |w REQRT wo| 4+ 21w¥ L' FRT w,|
< IEol(lwil* + w2ll?) + 2lwo IPIL'FRT | =eg +ea,  (15)

ler] < 2llwilllwallll(=EQR" + FTL™)| <eg +ea.
U

Our new proof has followed the ideas from the paper of Benzi and Simoncini [1].
The major difference is that in [1] the preconditioner uses the exact Jacobian A, while
our analysis applies to the case when the approximate Jacobian A is used.

In the special case of linear programming or separable quadratic programming, the
Hessian of Lagrangian Q is a diagonal matrix, hence the preconditioner uses exact
Hessian D = Q. The analysis simplifies in this case.

Corollary 2.2 Assume that A has maximum rank. The eigenvalues of P~ H are
either one or bounded by

A —1]<ea.
Proof The eigenvalues of P~'H can be characterized in the same way as in Theo-

rem 2.1 for the case u = O (they are either unit or bounded by |€| < e4). If u £ 0, the
real eigenvalues must satisfy (9) with K = I, from which A = 1; while for the com-

plex ones, using E¢o = 0 and again ||w || = ||wa||, the first equation of (13) simplifies
to
oy o el FTL Tl unlen llwal _ -
flwy 12 T Jwl?

We summarize the classification of eigenvalues of preconditioned matrix in Ta-
ble 1.

Acknowledgements We are grateful to Professor Valeria Simoncini for bringing to our attention that
the proof of Theorem 2.1 [2, p. 139] was incorrect.
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Table 1 Types of eigenvalues in P1H

Nonseparable case

Separable case

Case Eigenvector Eigenvalue = Bound Eigenvalue  Bound
1. u=0, FTy=0 real r=1 real r=1
u=0, FTy #0 real/complex |[A — 1] <eyg real/complex |A— 1| <ey
2. u#0, Bu#0, Fu=0 real A=1 real A=1
u#0, Bu#0, Fu#0 real A€ [Amin(K), Amax(K)] real r=1
R — 1| <eg +ea
u#0, Bu#0, Fu#0 complex complex A—1]<ey
S| <eg +ea
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